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O. Introduction
Perhaps the most basic problem in Riemannian geometry is the determination of which Riemannian metrics a given manifold can (,) r _< 0 implies (-1)";(M) _> 0. This conjecture can be verified in dimensions 2 and 4 by the Gauss-BonnetChern theorem (GBC) [4] (the 4-dimensional result is due to J. Milnor). The purpose of this article is to prove (,) for 6 real-dimensional Kiihler manifolds.
The approach taken here is similar to that outlined in [4] . By the GBC, the Euler characteristic ;(M) is given by the integral over M of a homogeneous polynomial of degree n in the components Ro of the Riemann curvature tensor R of M, which we denote by (R). We prove (,) in the case at hand by showing that ;6R) >_ 0 at each point of M.
This theorem is actually a result in what B. O'Neill has dubbed "pointwise geometry", as only algebraic properties of R at a single point of M are used.
This pointwise result does not hold in greater generality; that is, there are algebraic curvature tensors R with nonnegative sectional curvature but ;(R) < 0. In [5] , R. Geroch has found such an example in dimension six, which is of course non-Kihlerian. More recently, Bourguignon and Karcher [3] have found a one-dimensional family of such tensors that are quite nearly Kiihlerian, the only non-Kiihler component being a multiple of the identity operator. These results do not provide a counterexample to (,), however, since to our knowledge no compact manifold has been constructed realizing one of these operators as its curvature tensor at every point.
It should be pointed out that under the stronger hypothesis that the sectional curvature is strictly positive much stronger results have recently been
shown. Block and Gieseker [2] have shown that any algebraic vector bundle over an algebraic manifold has positive Chern classes if it is ample, i.e., has positive holomorphic bisectional curvature. Furthermore, Mori [13] has verified a conjecture due to Frankel that a compact K/ihler manifold M can have strictly positive holomorphic bisectional curvature only if M CP" (this has also been shown by Siu and Yau). Although these results are certainly stronger than those of this article, they are valid only in the much stronger hypothesis of strictly positive curvature.
I would like to thank I. M. Singer There is a standard embedding of the oriented Grassmann manifold G(2, V) of 2-planes in V into A2(V), defined by P-+ v A w, where {v, w} is an oriented orthonormal basis of P. Clearly this embeds G(2, V) into the unit sphere of A2(V) [14] . Given R (V), the sectional curvature function ra: G(2, V)---R of R is defined by ra(P) (RP, P). 
where the sum ranges over all shuffle permutations of (1, 2n) Now let V be a 2n-dimensional inner product space with a fixed complex structure automorphism J: V V, and assume that the inner product is hermitian. Define an element of (V), also denoted J, by J(v A w)= Jv A Jw. R (V) will be called Kfihler Proof. The second assertion follows from the first by Proposition (2.2) and the fact that (Vr(K, P), K) 0, which is true since 
Choose PG(2, V) so that r(R,P)=O; that is, (R,P)Wo. Since d or(R,, P)= (Vr(R, P), (tloR,, O)) so that Vr(R, P) _1_ M c (V). Thus {Vr(R, P) I(R, P) Wo} is contained in the normal space at R e d to its stratum M. Now let S be in the normal space to the stratum M of d at R, considered as a subspace of A(V). In particular, the normal space to t3z' at K is spanned by {K, Vr(K, P)I rr,(P) 0}. The 
Relations among critical points of K
The following elementary result appears in [11] . Proposition (2.3) implies that re, > 0 and 2 < 0, for K as defined earlier, a minimum point of Z I with rr > 0, KI 1, and z(K) < 0 assumed. In [10] the author proved the following useful result, here stated only in the special case that rr(P)= 0, i.e., that P is a critical zero of rr (since rr > 0, P is critical).
LEMMA (4.5).
Moreover,
Bi -(KPi, I)/I r/(P)2 I.
The following proposition is the key technical result in this section, and will be used extensively. [10] or [14] it is easy to show" LEMMA (4.7 [10] ), P(0)= P, and P(7/2) JP. Note that, by [10] , (x2, Jx) 2= (Pi, JP)= (P, I 2, which in a sense measures the degree to which P is nonholomorphic. The corollary implies in particular that this degree is the same for each critical plane Pj such that (KP,, Pj) O.
PROPOSITION (4.6). For some i

rl(P(O))= rl(Pi) (P(O) parametrizes r/-t(t/(P))
Proof. Arguing as above, up to a scale factor, at(P)+ brt(Pj)= r/(Q) for a nonholomorphic zero Q of r. Lemma (4.5) implies that K(aq(P,) + bl(Pj))= #,a*(al(P,) + brl(Pj)) 2. The current assumptions imply that K(ar/(P,) + br/(Pj)) aot,q(P,)2; thus aa,r/(P3 2 #(a2,r/(g,) 2 + 2ab,r/(P3 A rl(Pj) + b2,r/(P)2). Proof Assume (KP, P) 0 for all i, j. By re-ordering the indices, let be so that K(P) 0 for < l, K(P) 4= 0 for > I. Remark. Since this exhausts all possible cases, the proof of this proposition will complete the proof of Theorem (2.1).
Proof Since (KP, P) 4: 0, in particular KP :p O. Proposition (4.10) then implies that P A2(p A JP), for any P so that (KP, P) 0. If in addition (KP, P)= 0, then P A2(PAJP). But [3] suggest even more strongly that these pointwise methods will make little more progress into this problem, since their examples are almost K/ihler (in the technical as well as heuristic sense).
On the other hand, the work of Bloeh and Gieseker [2] , Mori [13] , and Siu and Yau described earlier suggests that, at least for K/ihler manifolds, nonnegative curvature is a rather strong restriction, since positive curvature is completely rigid. Thus it is still quite possible that (.) will be true, and provable, for K/ihler manifolds, although much stronger analytic methods will certainly be needed. The full conjecture for all compact, .evendimensional manifolds will probably be considerably more difficult, if it is possible at all to resolve.
Remark. Recent work of A. Gray [8] seems to indicate that, using this result, it should be possible to show that similar inequalities will hold for other Chern numbers involving ca for higher-dimensional K/ihler manifolds.
